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Abstract. In this article, we prove a Sobolev-like inequality for the Dirac operator on 
closed compact Riemannian spin manifolds with a nearly optimal Sobolev constant. As 
an application, we give a criterion for the existence of solutions to a nonlinear equation 
with critical Sobolev exponent involving the Dirac operator. We finally specify a case 
where this equation can be solved. 

1. Introduction 

Let (M", g) be a compact Riemannian manifold of dimension n > 3. The Sobolev embed- 
ding theorem asserts that the Sobolev space Hf of functions u & L"^ such that Vm G 
embeds continuously in the Lebesgue space (with = ■:^)- In other words, there 
exists two constants A,B>0 such that, for all u G Hf, we have: 

— r c 

\N ..\\^ / A I IV7„,|2 J„,/„\ , D / „,2, 



v}Cdv{g)] <A \ \Vu\'dv{g) + B u'dv{g). S{A,B) 
M ^ Jm Jm 

Considerable work has been devoted to the analysis of sharp Sobolev-type inequahties, 

very often in connection with concrete problems from geometry. One of these concerns 

the best constant in S{A, B) defined by: 

A2(M) := inf^2(M) 

where: 

A2{M) := {A> /3B > such that S{A, B) holds for all m G C°°(M)}. 

From S{A, B) and by definition of A2, we easily get that: 

(1) A2iM)>Kin,2Y 

(2) for any e > there exists 5^ > such that inequality 5(^2 (M) + e, B^J) holds. 
Here K{n, 2)^ denotes the best constant of the corresponding Sobolev embedding theorem 
in the Euclidean space given by (see |Aub76bj and |Tal76j ): 

K{n,2f = J 

n{n — 2)uJn 

where ujn stands for the volume of the standard n-dimensional sphere. In fact, Aubin 
|Aub76bj showed that A2{M) = K{n,2Y and conjectured that S{A,B) should hold for 
A = K{n,2Y, that is A2{M) is closed. The proof of this conjecture by Hebey and 
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Vaugon (see |HV95j and |HV96j ) gave rise to various interesting problems dealing with 
best constants in Riemannian Geometry. One of those given in |HV01j . is the problem of 
prescribed critical functions which study the existence of functions for which S{A2{M), Bq) 
is an equality (here i?o > denotes the infimum on 5 > such that 5(^2 (M), Bq) holds). 
For more details and related topics, we refer to [Hebj . 

Recall that one of the first geometric applications of the best constant problem has been 
discovered by Aubin |Aub76aj regarding the Yamabe problem. This famous problem of 
Riemannian geometry can be stated as follows: given a compact Riemannian manifold 
(M", g) of dimension n > 3, can one find a metric conformal to g such that its scalar 
curvature is constant? This problem has a long and fruitful history and it has been com- 
pletely solved in several steps by Yamabe [YamGOj . Triidinger |Tru68j . Aubin |Aub76aj 
and finally Schoen |Sch84j using the Positive Mass Theorem coming from General Rela- 
tivity (see also [LP87j for a complete review). The Yamabe problem is in fact equivalent 
to find a smooth positive solution u G C°°{M) to a nonlinear elliptic equation: 

n-2' 

where Lg is known as the conformal Laplacian (or the Yamabe operator), Ag (resp. Rg) 
denotes the standard Laplacian acting on functions (resp. the scalar curvature) with 
respect to the Riemannian metric g and A G M is a constant. Indeed, if such a function 
exists then the metric 'g = u^~'^g is conformal to g and satisfies Rg = A. A standard 
variational approach cannot allow to conclude because of the lack of compactness in the 
Sobolev embedding theorem involved in this method. However, Aubin |Aub76aj proved 
that if: 

T) — 1 

y(M, [g]) = inf /(/) < r(§", M) = 4 -K{n,2)-' (2) 

/t^o n — 2 

holds, where / denotes the functional defined by: 



LgU := 4- — ^A^u + RaU = Xu^~^ 



Equation ([T]) admits a positive smooth solution. This condition points out the tight 
relation between the Yamabe problem and the best constant involved in the Sobolev 
inequality. Moreover, it is sharp in the sense that for all compact Riemannian manifolds 
{M"',g), the following inequality holds (see |Aub76a] ): 

71 — 1 

Y{M,[g])<A-—^K{n,2r\ (3) 

In the setting of Spin Geometry, a problem similar to the Yamabe problem has been 
studied in several works of Ammann (see |Amm03c] . |Amm03a] ). and Ammann, Humbert 
and others (see ^AHGM] . |AHM06j ). The starting point of all these works is the Hijazi 
inequality ( |Hij86| , |Hij91| ) which links the first eigenvalue of two elliptic differential 
operators: the conformal Laplacian Lg and the Dirac operator Dg. Hijazi's result can be 
stated as follow: 

9 71 

Xl{g)Vol{M,g)-^ > j^^YiM, [g]), (4) 
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where Xi{g) denotes the first eigenvalue of the Dirac operator Dg. Thereafter, Ammann 
studies a spin conformal invariant defined by: 

A^i„(M, [g],a) := inf \,ig) Vol {M,g)^ (5) 

3e[g] 

and points out that studying critical metrics for this invariant involves similar analytic 
problems to those appearing in the Yamabe problem. Indeed, finding a critical metric of 
([5]) is equivalent to prove the existence of a smooth spinor field cp minimizing the functional 
defined by: 

_ {l,,\m^^dv{g)) " 

with the corresponding Euler-Lagrange equation given by: 

DgV = A^in(M, [g], (tM^^. (7) 



In |Amm03a] , the author observes that a standard variational approach does not yield to 
the existence of such minimizers. Indeed, the Sobolev inclusion involved in this method is 
precisely the one for which the compacity is lost in the Reillich-Kondrakov theorem. The 
argument to overcome this problem is similar to the one used in the Yamabe problem. In 
fact, one can prove the existence of a smooth solution of Equation ([7]), but this solution 
can be trivial (that is identically zero). So one might be able to find a criterion which 
prevents this situation. It is now important to note that an inequality similar to ([3]) holds 
in the spinorial setting (see |Amm03bj and [AHGM] ). namely: 



Ti — I Ti 

XrainiM, [g], (x) < A^in(§", [^st], ^st) = -iv^i = J^^K{n, 2)-\ (8) 

where (S", ^^st, fst) stands for the n-dimensional sphere equipped with its standard Rie- 
mannian metric gst and its standard spin structure crgf The criterion obtained by Ammann 
in |Amm03aj is tightly related to the one involved in the Yamabe problem since he shows 
that if inequality ([H]) is strict then the spinor field solution of ([7]) is non trivial (compare 
with (^). 

In this paper, we study a more general nonlinear equation involving the Dirac operator 
(since it also includes Ammann's result in the case of invertible Dirac operator). This 
equation is closely related to the problem of conformal immersion of a manifold as a hy- 
persurface in a manifold carrying a parallel spinor (see | AH AO 7] for example). The proof 
we give here lies on a Sobolev-type inequality for the Dirac operator. It emphasizes in 
particular that the same kind of questions of those arising from the Yamabe problem can 
be studied in the context of Spin Geometry. 
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2. Geometric and Analytic preliminaries 

2.1. Geometric preliminaries. In this paragraph, we recall briefly some basic facts on 
Spin Geometry. For more details, we refer to [FriOOj or [LM89j for example. Let (M", g, a) 
be an n-dimensional compact Riemannian manifold equipped with a spin structure de- 
noted by 0". It is well-known that on such a manifold one can construct a complex vector 
bundle of rank 2'?] denoted by Sg(M), called the complex spinor bundle. This bundle 
is naturally endowed with the spinorial Levi-Civita connection V, a pointwise Hermitian 
scalar product (., .) and a Clifford multiplication There is also a natural elliptic dif- 
ferential operator of order one acting on sections of this bundle, the Dirac operator. This 
operator is locally given by: 

n 
i=l 

for all (y9 G r(Sg(M)) and where {ci, e„} is a local gf-orthonormal frame of the tangent 
bundle. It defines a self-adjoint operator whose spectrum is constituted of an unbounded 
sequence of real numbers. Estimates on the spectrum of the Dirac operator has been 
and is again the main subject of several works (a non exhaustive list is jPriSOj . |Hij86 ] or 
[Bar92 j). As pointed out in the introduction, a key result for the following of this paper 
is the Hijazi inequality. More precisely, Hijazi gives an inequality which links the squared 
of the first eigenvalue of the Dirac operator with the first eigenvalue of the conformal 
Laplacian. The proof of this inequality relies on the famous Schrodinger-Lichnerowicz 
formula (see |Hij99| for example) and on the conformal covariance of the Dirac operator. 
In fact, if ^ G [(?], there is a canonical identification between the spinor bundle over (M, g) 
with the one over {M,g) (see |Hit74j or |Hij86] ). This identification will be denoted by: 

(f I — > if. ^ ' 

Under this isomorphism, one can relate the Dirac operators Dg and D-g acting respectively 
on Eg(M) and S^(M). Indeed, if ^ = e'^'^g where m is a smooth function, then: 

D^^ = e-^^D,(eV», (10) 

for all ip e T{^g{M)). 

2.2. Analytic preliminaries. In this section we give some well-known facts on Sobolev 
spaces on spinors and on the analysis of differential equations involving the Dirac opera- 
tor. In the following, we assume that (M", g) is an ra-dimensional compact Riemannian 
spin manifold (n > 2) such that the Dirac operator is invertible. 

We let := L«(Sg(M)), the space of spinors ^ G r(S<;(M)) such that: 



mU:={Jji^\'^dvig)y 
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is finite. The Sobolev space Hf := Hl(T,g{M)) is defined as being the completion of the 
space of smooth spinor fields with respect to the norm: 

ll</'lli,g:=l|V¥^||g+||</^||,. (11) 

However, since our problem involves the Dirac operator, it would be more convenient if 
we could consider the following equivalent norm: 

Lemma 1. The map: 

^P ^ \\hDgilj\\q (12) 
defines a norm equivalent to the Hf-norm for every smooth positive function h on M. 

Proof: From the definition of fll2l) it is clear that this map defines a norm on the space of 
smooth spinors which is equivalent to the norm defined by: 

Now we show that this norm is equivalent to the if^-norm. In fact, for any smooth spinor 
field ip, the Cauchy-Schwarz inequality yields: 

which implies the existence of a positive constant Ci > such that: 

||/^,^||,<C7i(||V^||,+ ||V^||,). 

On the other hand, with the help of pseudo-differential operators (see the proof of Lemma 
|2]), it is not difficult to see that there also exists another positive constant C2 > such 
that: 

which concludes the proof of this lemma. □ 

Using this result and the fact that the Sobolev space Hf is defined as the completion of 
the space of smooth spinors with respect to the Hf-noTm, it is clear that one can consider 
the Sobolev space as defined independently from one of the three preceding norms. It will 
provide a very useful tool to solve the nonlinear equation studied in this paper. A natural 
way to prove the existence of solutions for this kind of equation is the variational approach. 
It consists of minimizing a certain functional defined on an adapted Sobolev space and then 
to apply the machinery of Sobolev-Kondrakov embedding theorems, Schauder estimates 
and a-priori elliptic estimates. Here we will use this method, and we refer to the works of 
Ammann ( |Amm03cj and [Amm03a] ) for proofs of all these results in the setting of Spin 
Geometry. However, for clarity, we prove the following result which will be of great help 
in the next section: 

Lemma 2. If the Dirac operator is invertible then there exists a constant C > such that 
for all (f G Hf we have: 

WfWp < C\\Dg(f\\q, 

where + q^^ = 1 and 2 < p < 00. 
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Proof: We show that the operator: 

D-^ -.L" — yLP 

defines a continuous map. Since is a pseudo-diff'erential operator of order —1 the 

operator (/(i+V*V)^-D~^ is a pseudo-differential operator of order zero hence (see |Tay81| ) 
a bounded operator from to for all s > 1. Thus if G L'^: 

(Jd + V*V)5D^-V e L\ 

and the spinor field Dg^<^ is in the Sobolev space Hf which is continuously embedded in 
LP (using the Sobolev embedding theorem). Then there exists a positive constant C > 
such that: 

\\D^'^\\p<cMU, 

and this concludes the proof. □ 



Remark 1. (1) For q = = 2n/{n + l) andp^ such thatpj^ +1d ~^ quotient: 

\m\pD 

is invariant under a conformal change of metric, that is: 

n — 1 

Cgih- — ^)=Cg{ip) (13) 

for all if G Hl° and for 'g = h'^g G [g] . Indeed, an easy computation using the 
canonical identification ^ between T,gM and SgM and the formula (T^ which 
relates D„ and D-g, leads to (fl] 



(2) On the n-dimensional sphere (S", g^ti c^st) endowed with its standard spin structure 
(Jst, the Dirac operator is invertible since the scalar curvature is positive. Then 
using Lemma 0, there exists a constant C > such that for all $ G Hf" : 

m\pn<c\\D^"n,u- 

Moreover, since the standard sphere (§" \ {q},gst) (where q G S"') is conformally 
isometric to the Euclidean space (M",^), we conclude that for all ip G rc(S^(M'^)) .■ 

M\,,<c\\D^^p\U, 

where rc(S^(R"')) denotes the space of smooth spinor fields over (M",.^) ''^'^th com- 
pact support. 

3. The Sobolev Inequality 

In this section, we prove a Sobolev inequality in the spinorial setting. The classical 
Sobolev inequality S{A, B) shows in particular that the Sobolev space of functions 

2n 

is continuously embedded in L "-2 . Here one could interpret our result as the inequality 
involved in the continuous embedding: 

TT2n/(n+l) tt2 
-"1 ^ -"1/2 
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where is defined as the completion of the space of smooth spinors with respect to 
the norm: 



,2 := I]|Ai|Mir- 



Here if) = ^ • Aj^j is the decomposition of any smooth spinor in the spectral resolution 
{Xi/jipi} of Dg (see |Amm03c] ). 

Let's first examine the case of the sphere which is the starting point of the inequality we 
want to prove. In fact, it is quite easy to compute that the invariant defined by ([5]) on 
the sphere is: 

2n n-\-l 

AminlS) , 5'st , ost) - ml — I . / / — aTT — \\ — ~ o^" • 

I ilj,ilj}dv{gst)\ 2 

The proof of this fact relies on the Hijazi inequality (jlj) and on the existence of real Killing 
spinors on the round sphere (see |Gut86j ). Thus using the conformal covariance of f|T^ 
and the fact that the sphere (minus a point) is conformally isometric to the Euclidean 
space, we can conclude that: 

< A^i,(§",[(7st],ast)-'( / \D^i:\^^dx)~ (15) 

for all ip G rc(S5(M")). With this in mind, we can now state the main result of this 
section: 

Theorem 3. Let (M",(7,cr) be an n-dimensional closed compact Riemannian spin man- 
ifold and suppose that the Dirac operator is invertihle. Then for all e > there exists a 
constant such that: 

/ {Dg^,^)dv{g) < [K{n)+e)i / \Dg^\^^dv{g)) " + bJ / \^\^^dv{g)) " (16) 
for all if G H^^^ and where 



n — 2 2-1 
Kin) := A,ni„(S", [gst],cx,t)-' = ^ ^^K{n,2) = -uJn". 

In order to prove flTBl) . we need some well-known technical results which are summarized 
in the following lemma: 

Lemma 4. Let (aj)i<j<iVo C [Nq G W), p G [0, 1] and q > 1. The following identities 
hold: 

(1) (E£ < E£i < 

(2) E£ < (E£ «.)" 

(3) Ve > 0, 3 > 0, Va, 6 > : (a + h)P < (1 + e)aP + Celf 
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(4) For all functions /i, ■ ■ ■ , fr '■ M ^ [0, oo[, we have: 



i=l 



M 



M 



i=l 



We can now give the proof of Inequality ( fT6l) . 

Proof of Theorem O' Let x G M and e > 0. Let U (resp. V) be a neighbourhood of 
X G M (resp. G M") such that the exponential map 



U CM 



is a diffeomorphism. Then we can identify the spinor bundle over {U,g) with the one over 
{V, C,) that is there exists a map: 



r : S,(f/) J:^{V) 



(17) 



which is a fiberwise isometry (see |BG92j ). Moreover the Dirac operators Dg and 
(acting respectively on T,g{U) and T,^{V)) are related by the formula: 

Dg^iy) = T-'^D^{Ti^)){exp~\y))) +p(^)(i/) (18) 

for all ?/ G f/ and where p{ip) G r(Sg(f/)) is a smooth spinor such that \p{f)\ < 
Now since M is compact, we choose a finite sequence (xi)i<i<Aro C M and a finite cover 
(^i)i<j<Afo of M (where Ui is a neighbourhood of Xi G M) such that there exists open sets 
(^)i<i<Aro of G M*^ and applications Tj such that ffT7|) and ffTS]) are fulfilled. Moreover 
without loss of generality, we can assume that: 

1 + e 

as symmetric bilinear forms and consequently the volume forms satisfy: 

1 



;dx < dv{g) < (1 + ey/^dx. 



(19) 



(l + £)"/2' 

Let (r7j)i<i<Aro be a smooth partition of unity subordinate to the covering {Ui)i<i<No, in 
other words rji satisfies: 

supp (?7i) C Ui 
< r^i < 1 



For ip G r(Sj,(M)), we write: 



{LHS) :-- 



{Dgp,^)dv{g) 



M 



No 



i=l 
No 



,•-1 JM 



i=l 



Y] / {Dg{y^ip),^i^)dv{g) 
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since {LHS) is real and Re{d{y^) ■ {p,{p) = 0. Inequality (|T9l) leads to: 

and using formula fll8l) . we can write: 

iLHS)<{l+e)'^J2i\ {Ddr,i^,ip)),T,i^,ip))dx +C \T,i^,ip)\^dx 
i=i "'K" 

On the other hand, since Ti{^Jffiip) G rc(Sg(M")), Inequality (|T5l) gives: 

No „ „ 

iLHS)<{l + eyy^(K{n){ \D^{n{^,^))\—^dx)-+C \n{^,^)\Hx 
Now note that with the help of (4) of Lemma [Hand since n/{n + 1) < 1, it follows that: 

^0 /. n + 1 p No n + 1 

J2( \D,{r,{Vvim^d^) " < ( / {J2\D,{r,{Vvim')'^'dx) " . 

i=i i=i 

Using (3) of Lemma m we finally get: 

„ (n + l)^ + l „ 

{LHS)— < il+e) K{n) — A + {l+e)^^^CeB (20) 

where: 

^ = (y"l^«(T-i(%/^<^))n"^'(ia;, and 
We now give an estimate of A. If we let ■ji{ip) = d{^/rfi) ■ ip — Pi{'^), then: 

JVo No 

1=1 i=l 

No 

i=l 

and the Minkowski's inequality leads to: 

No No 1 ^0 IN 2 

i=l i=l i=l 

(using (1) of Lemma H]). 

Thus we have shown that: 

A < (l + e)^ [ {\D,^\' + C\^\' + C\D,^\\^\)^^dv{g), 



10 SIMON RAULOT 

and with (2) of Lemma HI we get: 

A < {l + e)^( / (iDgLfl'^dv^g) + C / \(f\'^dv{g) + C / \DgLp\'^\Lp\'^ dv{g)j . 

^ J M Jm Jm ' 

Then we apply the Cauchy-Schwarz inequahty in the last term of the preceding inequality: 

/ \D gip\^\if\^ dv{g) < ( / \Dgif\^dv{g)Y { \ \'^\^dv{g)Y 
Jm ^ Jm ' ^ Jm ' 

and next we use the Young inequality: 

/" 1 n ( 2n 1 /" I I 2n 

/ \Dgip\"+^\(p\"+^dv{g) < \Dg^\"+^dv{g) + — \(p\r^+^dv{g). 

Jm ^ JM Jm 

Finally, we have: 

A< (l+£)t((l + i-) /" \Dgip\^dv{g) + Ce [ \ip\^^dv{g)). 

^ ^ Jm Jm ^ 

Now we estimate B in Inequality fl20|) . Holder's inequality gives: 



.- n — 1 f* n + 1 

'ri{^^)fdx < ( / \Ti{^iif)\^dx\ ( / \Ti{^if)\^ dx\ 



and using (1) of Lemma [Hand the preceding inequality lead to: 

A^O f n-l f. 1 

i=i "'JK" >^i^" 
With the help of (2) of Remark [H there exists a constant C > such that: 

No „ If 1 

B < Cy^i \D^{n{^,^))\^^dxY ( |r,(^^)|^rfx)'. 
i=i >^K" ^ 

On the other hand, the Young inequality gives: 

f 2 C f 2 

B < Ce^J2 \Di{Ti{^iV))\^^dx + — I \Ti{^i^)\^^dx. 
i=i -f^" 



and it is easy to see that: 

\ip\'^dv{g). 



C 



To conclude, an argument similar to the one used in the estimate of A shows that: 

/ |D5(rj(i/r7i^(y9)) I "+iax < (1 + e) 2 / [\Dg(p\"+^ + C\(p\"+^ + \Dg(p\"+^\(p\"+^ )dv{g) 
■^^ Jm." Jm 

and the Cauchy-Schwarz inequality and the Young inequality lead to: 



B < Ce^(l+e)^ 



I 2n III 2n 

/ \Dgip\"+'^dv{g) + Ce \(p\"+^dv{g). 
Jm Jm 
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4. A NONLINEAR EQUATION FOR THE DiRAC OPERATOR 

4.1. A criterion for the existence of solutions. As a direct application of Theorem[3l 
we give a sufficient criterion for the existence of solutions for a nonlinear equation involving 
the Dirac operator. More precisely, the aim of this section is to prove the following result: 

Theorem 5. Let {M'"',g) be an n- dimensional compact Riemannian spin manifold and 
let H be a smooth positive function on M. If the Dirac operator is invertible and if: 

Xmm< K{n)'^ {max Hy^, (21) 

then there exists a spinor field ^ G Ci'°(M) n C°°{M\ ^-\0)) satisfying the following 
nonlinear elliptic equation: 

2 f 2n 

Dg(p = XaiinH\(p\"'^(p and / H\(p\^^-^dvg = 1. (22) 

Jai 

In the statement of Theorem [5l we let for 2 < q < qo'- 

A„ = A„ M,^,a := infi-5^^^4— ' ' ^ I = inf — ^ f^' \, 23 

' '^^ol \JjDg^,^)dv{g)\ / i^^o\JjDg^,^)dv{g)\ ^ ' 

where the infimum is taken over all ip G Hf and where Xg^{M, g,a) := Amin- In the rest 
of this section, we will let: 



fj^j{Dgij,ij)dv{g)\ 

Here C°°(M) (resp. C'='"(M)) denotes the space of smooth spinor fields (resp. of spinor 
fields with finite (fc, Q;)-Holder norm) on M (see |Amm03c] ) . 

Remark 2. Using Lemma\^ we have Ag > 0. 



A standard variational approach to study fl22|) cannot allow to conclude because of the lack 
of compactness of the inclusion in L^^ . The method we use here consists in proving 
the existence of solutions for subcritical equations where the compactness of the Sobolev 
embedding theorem is valid. Then we prove that one can extract a subsequence which 
converges to a solution of fl221) . We begin with the existence of solutions for subcritical 
equations, that is: 

Proposition 6. For all q G {q£),2), there exists a spinor field ipg G C^'°'{M) fl C°^(M \ 
V'g^(O)) such that: 

Dgifg = \gH\iPq\P~'^iPg (Eg) 

where p G M is such that p^^ + q^^ = 1. Moreover, we have: 

[ H\^g\PdVg = l. 
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Proof: The proof of this result is divided into two parts. In a first step, we show that there 
exists a spinor field ipg G Hf satisfying [Eg), and then we will show that this solution has 
the desired regularity. For the rest of this proof, we fix g G {qo, 2). 

First step: We prove the existence of a spinor field ipq G satisfying (Eg). First we 
study the functional defined by: 



J'g : nl := {ij eHll [ {D,i;,i;)dvig) = l} 

J M 



It is clear that Til is non empty. Take for example a smooth eigenspinor ipi associated to 
the first positive eigenvalue Ai > of the Dirac operator and thus (Ai)~^^/^^ | j-^il G 
Til- On the other hand, since Tg{ip) > for all ip G we can consider a minimizing 
sequence {ipi) for that is a sequence such that J-'g{ipi) — > Xg with [ipi) C It is clear 
that this sequence is bounded in Hi and thus there exists a spinor field ipg G Hi such 
that: 

• ipi ^ Ipq strongly in with + q^^ = 1 (by the Reillich-Kondrakov theorem) 

• ipi ^ ipg weakly in Hi (by reflexivity of the Sobolev space Hi). 
Moreover, we write: 

{Dgil'q,ipq)dv{g) = / {D gipg , i/jg - tpi) dv (g) + / {Dgiljg,ipi)dv{g) 
Jm Jm 



'M 

and we note that: 



{Dglljq,1Pg -llji)dv{g)\ < WDglPgWgWlPq-lpiWp >0 



M 



where we used the Holder inequality and the strong convergence in L^. One can also 
easily check that the map: 

$^ /■ {Dg^^,<^)dv{g) 
Jm 

defines a continuous linear form on Hi and then the weak convergence in Hi gives: 

{Dgi})q,i)q)dv{g) = 1, 



'M 

that is Ipq G Til- Once again because of the weak convergence in Hi and of Lemma [1], we 
also have: 

\\H-^'/^^Dgijg\\l < \immf\\H-^'MDgij,\\l = A, 

and thus Xg = J^g{ipg). Finally, we proved that there exists ipg G which reaches A^. 
Now for all smooth spinors $, we compute: 

^ \\Dg{i^g + tn\l = 2X^1 Re{H-^'^M\Dg^Pg\^-'Dg^g,Dg^)dv{g) 
dt\t=o Jm 

and: 

^ [ Re{Dg{^Pg + t<^),{ijg + t<S>))dvig) = 2 [ Re{iPg,Dg<^)dvig) 
dt \t=o Jm Jm 
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which, by the Lagrange multiphers theorem, gives the existence of a real number a such 
that: 

JM JM 

Moreover, since ipq is a critical point for JF^, we get a = Xq and thus: 
/ {\f% - H-^'^'^^\Dg%r^Dg%, D,^)dv{g) = 0. 

J M 

To sum up, we proved the existence of a spinor field G TYf satisfying weakly the 
equation: 

\Dgi^qr^Dgi^q = XfHl/P^q. 

1 /2 

If we let (fg = Xq Tpq, we can easily check that (^q G Hf satisfies {Eq) (where we used the 
relations \il}q\ = Xq^'^^^^ H-^''/P^\Dgiljq\''/P and \Dg^pq\'^~'' = {Xl^^H1/P\^pq\)P-^). On the other 
hand, since: 



{Dg^q,ipq)dv{g) = 1, 

M 



and since the spinor field ipq is a solution of (Eq), we deduce that: 

/ H\iPq\PdVg = l. 
JM 

Second step: We show that ipq G ^^'"(M) n C^{M\ ¥?^^(0)). The proof of this result 
uses the classical "bootstrap argument". Indeed, the spinor field ipq is in the Sobolev 
space Hi which is continuously embedded in with pi = nq/{n — q), by the Sobolev 
embedding theorem. The Holder inequality implies that H \Vq\P^^V G and then 

elliptic a-priori estimates (see |Amm03a] ) gives cp G Once again, the Sobolev 

embedding theorem implies that cpq G with 

P2 = npi/{n{p - 1) -pi), 

if n{j) — 1) > pi or ipq G L'^ for all s > 1 if n{p — 1) < pi- Note that since q > qn, we can 
easily check that p2 > Pi and thus we get a better regularity for the spinor field ipq. In 
fact, if we push further this argument, we can show that (fq G L^' for all i, where Pi is the 
sequence of real numbers defined by: 

f if nip-l)>p._. 

Pi ■= \ 

[ +00 if n{p - 1) < Pi-i. 

A classical study of this sequence leads to the existence of a rank iq & N such that 
Pig = +00 and thus we can conclude that ipq G L"* for all s > 1. The elliptic a-priori 
estimate gives that ipq G HI for all s > 1 and if we apply the Sobolev embedding theorem, 
one concludes that ^g G C°-"( M) for a G (0,1). Hence f\^g\P-^^g G CO'"(M) as well, 
and the Schauder estimate (see |Amm03a] ) gives ipg G C^'"(M). It is clear that one can 
carry on this argument on M \ ^(0) to obtain ipq G C°°(M \ fq^{0)). □ 
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Remark 3. If we assume that p > 2, the regularity oj the spinor field (fq can be improved 
to C^'^iM). 

In the following, we want to prove the existence of a solution of the equation (Eg^). How- 
ever, we cannot argue like in the proof of Proposition because of the lack of compacity 
of the embedding Hf° ^ L^^ which is precisely the one involved in our problem. The 
idea is to adapt the proof of the Yamabe problem (see for example |LP87] ). Indeed we 
will prove that one can extract a subsequence from the sequence of solutions (ipq) which 
converges to a weak solution of Problem (!22l) (see Lemma [7]). Then in Lemma [H we will 
get the desired regularity for this solution and finally in Lemma [H using Inequality f|T6!) 
of Theorem [31 we will be able to exclude the trivial solution. So we first have: 

Lemma 7. There exists a sequence (g^) which tends to qd and such that the corresponding 
sequence {fqj, solution of (Eq-), converges to a weak solution ip G Hf° of 



Proof: It is clear that without loss of generality, we can suppose that the volume of the 
manifold (M, g) is equal to 1. Otherwise, because of the conformal covariance of Equation 
fl22|) . we change the metric with a homothetic one (and so a conformal one). In a similar 
way, we can also assume (because of a rescaling argument) that the maximum of the 
function H is equal to L Now we prove that the sequence [ipq) is uniformly bounded in 
Hl° . Indeed, since q > go, the Holder inequality gives: 

On the other hand, p < pn implies that: 

The variational characterization of \q and the Holder inequality directly yield: 

\\H-^'l^-)Dg^q\\l^<\l<\l{m:inH)-^ 

and thus we conclude that {(pq) is uniformly bounded in Hl° . Then there exists a sequence 
[qi) which tends to qr, and a spinor field 99 G Hf" such that: 

• Lfq^ if weakly in Hl° (by reflexivity of the Sobolev space Hl°) 

• (fq^ — s> (f a.e. on M. 

Moreover, since (v^gj is bounded in Hf^, the Sobolev embedding theorem implies that 
it is bounded in L^^ , and so H\Lpq.\'P^~'^Lpq^ is bounded in L^o/ipt-i]^ However, since 
Pd/{pd — 1) < Po/iPi — 1), the sequence H\(fq^\P^~'^(fq^ is also bounded in Lpd/{pd-i)_ 
Using this fact and since 

H\^q^\P^-^^q^ ^ ^^I'/^r^'V a.e. on M, 

we finally get that: 

H\^q^\P^-'^^q^ H\^\P^-'^^ weakly in L^^/'^pd-i) 
and so weakly in L^. Now note that for all smooth spinor fields $, the map: 



J M 



M 
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defines a continuous linear form on Hf^ and tlius by weak convergence in Hf'^ , we obtain: 

{Dg^,^,Dg<^)dv{g) [ {Dg^,Dg<^)dv{g). 

The weak convergence in gives: 

/ {H\if,r''v,.,D,^)dvig) .—^ I {H\^r~^^,D,<^)dv{g). 
Jm *^+°° Jm 

Now using tlie variational characterization fl23p of Ag and the fact that the function: 

is continuous, we easily conclude that q \ — > Xg is also continuous. Combining all the 
preceding statements with the fact that yjg- is a solution of (Eg-) leads to: 

{Dgip,Dg^)dv{g) = X,,y,^ f {H\ip\^/'^^-'^ip,Dg^)dv{g), 

Jm 

for all smooth spinor fields $, that is G Hf^ is a weak solution of (122|) . □ 

We then state a regularity Lemma which is proved in |Amm03a] and thus we omit the 
proof here. 

Lemma 8. The spinor field (p given in Lemma\7\satisfies !f G C^''^{M)n {M\if-\0)) . 

As pointed out by Triidinger in the context of the Yamabe problem, one cannot exclude 
from this step the case where the spinor field ip, obtained in Lemma [7] and [H is identically 
zero. In |Amm03a] . Ammann proves that if (12T|) (with H constant) is fulfilled then ip 
is non trivial. We give a similar result for Equation fl22|) which generalizes the one of 
Ammann in the case where the Dirac operator is invertible. The proof we present here is 
based on the Sobolev-type inequality obtained in Theorem [31 More precisely, we get: 

Lemma 9. // l[21\) is satisfied, the spinor (p obtained in Lemma\7\and\Eis non identically 
zero and: 



M 



M 



Proof: Let cpq G Ci'°(M) n C°°(M \ v^^^O)) be a solution of Equation (Eg), that is: 

Dg(Pg = \qH\(Pg\P~^iPg 

and jj^j H\(pg\^dvg = 1 for all q G {qo,'^) (where p is such that p^^ + q^^ = 1). Since 
q > qo, the Holder inequality yields: 

' \Dgipg\''°dv{g)) < {maxHY^'^l {R-'-^^p^ Dgipg\idv{g)) Vo/(M, 

M ' ^Jm ^ 

and with the help of [Eg), we get: 



/ \H-^^IP^Dg^g\^dv{g) = XI. 
Jm 
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We finally obtain: 

(/ |D3<^g|^°rft;((7))'/'° < (maxif)'/^A2\/o/(M,(7)2(™)/(''^^). (24) 
Jm 

On the other hand, applying Theorem [3] for the spinor fields ipg gives: 
Jm ^ ^ ^ Jm ^ ^ Jm 



where i?e > is a positive constant. Using fl24j) in the preceding inequality leads: 

1 < (^K{n)+e^{ma.xHY'''\ V ol{M, gf^™^/^'^''^^ + B,(^ j ^ \^g\^^dv{g)^'^''''' 
Now if q tends to g^, we obtain: 

1 < (K{n) + (maxi/)'/^°A^i„ ^ ^^(/, l^'''''^''^^) 
However, because of (!2T|) . we have: 

(max < 1, 

which allows to conclude that, for e > small enough, the norm llv^llq^ > ^^^1 thus ip 
is not identically zero. □ 

Remark 4. Note that we recover the result of Ammann proved in |Amm03a] for H = cste 
(under the assumption that the Dirac operator has a trivial kernel). 

4.2. An upper bound for Amin- In this section, we prove a general upper bound for 
Amin- Namely, we get: 

Theorem 10. Let {M'^,g) be an n-dimensional compact Riemannian spin manifold with 
n >3. If H ^ C°°{M) is a smooth positive function on M, then the following inequality 
holds: 

. 2 

^m\a< Kin) (max if) " d . 

M 

The proof of Theorem [10] lies on the construction of an adapted test spinor which will be 
estimated in the variational characterization of Amin. We first note that Amin is invariant 
under a conformal change of the metric, therefore we can work with any metric within 
the conformal class of g. Indeed, we have: 

Proposition 11. The number \^\^ is a conformal invariant of{M,g). 
Proof: We can easily compute that for g = u^g E [g] we have: 

and then because of the variational characterization (l23l) of Amin(^; o"), its conformal 
covariance follows directly. □ 
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For sake of completeness, we briefly recall the work of Ammann, Grosjean, Humbert 
and Morel jAHGMj which describes in particular the construction of the test-spinor. 
We first need a trivialization of the spinor bundle given by the Bourguignon-Gauduchon 
trivialization |BG92j which is adapted for our problem. Let (xi, ...,Xn) be the Riemannian 
normal coordinates given by the exponential map at p G M: 

expp : V C TpM ~ — > U cM 

{Xi,...,Xn) I — > m. 

Now if we consider the smooth map m i— > Gm '■= {Qijijn)) which associates to any point 
m E U the matrix of the coefficients of the metric g at this point in the basis gf-}, 

then one can find a unique symmetric matrix 1?^ '■= (^('^)) (which depends smoothly 
on m) such that = G^. Thus, at each point m E U we obtain an isometry between 
and the tangent space T^M defined by: 

This map induces an identification between the two SO^-principal bundles of orthonormal 
frames over (V,^ and {U,g). Thereafter, this identification can be lifted to the Spirin- 
principal bundles of spinorial frames over (V,^) and {U,g) and then gives an isometry: 

^ I — > y^. 

This identification has already been used in Section [3] and was denoted by r. However, 
for sake of clarity, we will denote it by T{ip) := ^ for G T(T.^{V)). Now let: 

d 



dxj 



such that {ci, e„} defines an orthonormal frame of {TU, g). Via the preceding identifi- 
cation, one can relate the Dirac operator acting on S^(^) with the one acting on Sg(f/). 
Indeed, if and Dg denote those Dirac operators, we have: 

n 

Dgii = D^+ J2 {bi-6i)di-V9,^ + W-i^ + y -i^, (25) 

where W G T{ag{TU)) and V G T{TU). With a little work, on can compute the 
expansion of W and V in a neighbourhood of p E U. In fact, if m G ?7 and r denotes the 
distance from m to p, we have: 

= 6i-^Rio.pj{p)x''x(' + 0{r') (26) 

V = (-^(ffic)„fc(p)x" + 0(r2))efc (27) 
|W| = O(r^), (28) 
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where Rijki (resp. {Ric)ik) are the components of the Riemann (resp. Ricci) curvature 
tensor. Now consider the smooth spinor field defined on [V,^) by: 

ip{x) = -x) -ipo 

where f{x) = (with r'^ = xf + ■ ■ ■ + x^) and ipo ^ ^^(y) is a constant spinor which 
can be chosen such that {ipol = 1. A straightforward computation shows that: 

2 

77 Tl 

D^^ = -fij, m' = r-' and \D^^\^ = -r-'\ (29) 
With these constructions, we can prove the main statement of this section. 

Proof of Theorem UU ' Let e > and the spinor field described above, then we define: 

^,(x):=r^V^(^)Gr(S^(M")) (30) 

where = on \ Bp{26), rj = 1 on Bp{6) and < 5 < 1 is chosen such that 
Bp(2S) C V. Since the support of the spinor field ip^ lies in the open set V of M", one can 
use the trivialization described previously to obtain a spinor field ips over {M,g). On the 
other hand, because of the conformal covariance of Amin, we can assume that the metric 
g satisfies Ric{p)ij = 0. First we compute: 



c. c. c c. , . c 



^X. — /X^ 



where |W| = O(r^) and |V| = O(r^) (since Ric{p)ij = 0). Using |AHGMj . we have: 
where A(x) = CeVV"^(f) + CerV^f)- Now note that for all u > -1: 

(1 + < IH M, 

^ ^ ~ n+1 

then we get: 

2n 2n 

ii'Ai-ws(^)-'r(f) + ;^(^)-'r(f)AW. (31) 

On the other hand, since p G M is a point where H is maximum, we have: 

H{x) = H{p) + 0{r^) 

which yields: 

H{x)-^ = H{p)-^{l + 0{r^)). (32) 
An integration combining fl3Tl) and fl32l) gives: 

/ i7-^|D3^J^dt;(^) < (— )"^'i7(p)"^(A + B + C + D) 

Jbp{2S) ^2£/ 
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where: 



A = / r{-)dv{g) 

J Bp{25) ^ 

B = C [ r{-)A{x)dv{g) 

J Bp{25) ^ 

C = C [ r'r{-)dv{g) 

J Bp{25) ^ 

B = C [ r^r{-)K{x)dv{g). 

JEMS) ^ 



'Bp{25) 

Since the function / is radially symmetric, we have 

f.2(5 



A= / r(-)a;„_iG'(r)r"-idr 
Jo £ 



where: 



Gir) = / \/\g\rxdcr{x) with \g\y := det gij{y). 

Now using the fact that RiCij{p) = 0, one can compute that (see |Heb97j . for example): 

G{r) < l + 0(r^). 
Thus, a direct calculation shows that if n > 3: 

A = u;„_i/£" + o(e"), 
where / = J^°° r^~^ f^{r)dr. In the same way, we can prove that for > 3: 

B = C = D = o(£"). 

In brief, we showed that: 

f 71-1 , , 2n , , /Tlx , \ . X n-l , ^ ^ , 

/ E = (-)"+! (cj„_i/)/f(p)-^e^H^(l + o(l)), 

hence: 

The denominator of the functional Amin can also be estimated and similar computations 
give (see [AHGMj ): 



{Dg^„^,)dv{g) = -cu„_i/£"-i + o(£"+i) 

M ^ 

for 77. > 3. Combining these two estimates yields: 

Amin <i^(n)-'(mBxi7)"^(l + o(l)) 
which concludes the proof. □ 
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Remark 5. We can derive a similar result for the case of 2 -dimensional manifolds. It is 
sufficient to adapt the proof of |AHGMj in our situation and one can show that if (M^, g) 
is a smooth surface we have: 

M 

Remark 6. This result is in the spirit of the one obtained by Aubin in |Aub76aj for the 
conformal Laplacian. Indeed, in this article, the author proves that on an n-dimensional 
compact Riemannian manifold with n > A, if f,h are smooth positive functions on M 
such that: 

where f{p) = msLX^^M f{x) , then the nonlinear equation: 

4 A„u + hu = fu"-^ 

n — 2 

admits a smooth positive solution. We could hope to obtain a similar criterion for the 
equation studied in this paper. However, if one carries out the computations in the proof 
of Theorem lTdl we obtain for n > 5: 

^ ^ 2n{n - 2) H{p) ' 

Thus no conclusion could be made since at a point p E M where H is maximum we have 
AH{p) > 0. 

4.3. An existence result. To end this section, we give conditions on the manifold 
(M",5() and on the function H e C°°(M) which ensure that is fulfilled. Then 
applying Theorem 0, we get the existence of a solution to the nonlinear Dirac equation 
fl22|) . The condition on if is a technical one given by: 

There is a maximum point p & M at which all partial derivaties of H , . 
of order less than or equal to (n — 1) vanish. 

The result we obtain is the following: 

Theorem 12. Let {M^,g) be an n-dimensional compact Riemannian spin manifold. As- 
sume that {M"',g) is locally conformally fiat and H G C°°{M) a smooth positive function 
on M for which [33^] holds. Then if the Dirac operator is invertible and the mass endo- 
morphism has a positive eigenvalue, there exists a spinor field solution of the nonlinear 
Dirac equation (d^. 

This result is quite close to the work of Escobar and Schoen |ES86 ] and relies on the 
construction of Ammann, Humbert and Morel jAHMOGj of the mass endomorphism. 
We first briefly recall the construction of the mass endomorphism. For more details, we 
refer to [AHMOGj . Consider a point p G M and suppose that there is a neighborhood U 
of p which is fiat. Since we assumed that the Dirac operator has a trivial kernel, one can 
show that the Green function Gd oi the Dirac operator has the following expansion in U: 

X — p 

uJn-iGD{x,p)ipo = -1 r- ■ V^p + v{x,p)i!p 

\x — p\^ 
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for all X G f/ and where v{ . ,p)ipp is a smooth harmonic spinor near p with ipp G ZIp(M). 
The mass endomorphism is then the self-adjoint endomorphism of the fiber Sp(M) defined 
by: 

This operator shares many properties with the mass of the Green function of the confor- 
mal Laplacian. One of them is that the sign of its eigenvalues is invariant under conformal 
changes of metrics which preserves the flatness near p. With this construction, we can 
prove the main result of this section. 



Proof of Theorem [TB: We have to construct a test-spinor which will be estimated in the 
variational characterization of Amin- The assumption on the mass endomorphism implies 
that (pTj) is fulfilled and the result will follow from Theorem [51 The test-spinor is exactly 
the one used in |AHM06j . In order to make this paper self-contained, we have chosen to 
briefly recall this construction. First, since Amin is a conformal invariant of {M"',g) which 
is locally conformally fiat, one can suppose that the metric is fiat near a point j9 G M 
where (1551) is satisfied. Now for e > we set: 



^ := £"+1 Eq :-- 

^ is the function used in the previous section. The test-spinor is then 



e 



where /(r) 
defined by: 



l+r 



' /(|)t(l-|).^p + £oap(^p) 



, eoUJn-iGD{x,p) 
where ?7 is a cut-off function such that: 

1 on 



if r < ^ 

if ^ < r < 2^ 
if r > 2^ 



V 



on M \ Bp{2^) 



and 



and 6p(x 



■ v{x,p)ijjp — ap{ijjp) is a smooth spinor field (harmonic near p) which satisfies 
0(r). Now an easy calculation shows that: 



2n 







if r < ^ 

ifC<r <2C 
if r > 2{. 



On the other hand, since the function H satisfies the condition (l33ll . we get: 

H{x) = H{p) + 0(r") 

that is: 

H{xy^ = + 0(r")). 
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We can now give the estimate of the functional fl23l) (with q = qn) evaluated at the spinor 
field First, on -Bp(0 ^6 have: 

/ iJ-^|D<l>,|^c/x< / r{-)dx + C [ rT{-)dx 

and we compute that: 

/ r{-)dx < / r{x)dx 

j rT{-)dx = o(e2«-i). 

Finally we obtain: 

f n-l , , 2n , s 2" n(n-l) n-1 , . 1 x \ 

/ /7'~|L)$^|~c/x = (-)"+^e^J+^if(p)~~/(l + o(£"~^)) 
where / = 4„ /"(x)c/a;. On Cp(0 := i?p(20 \ 



/ H-'y^\D^e\'^dx < C f \eoVr]-ep\'^dx + C [ |/(-) '^Vt] 

+ C [ r''\eoVr]-9p\^dx + C I r"|/(-) ^Vr/ ■ 
and since Eq < \\/ri\ < 2^-\ = 0(r) and V"o/(Cp(^)) < C^", we get: 

/" n-l 2n , (2n+l)(n-l) . 

In conclusion, the numerator of (1251) is given by: 

/ H-U\D^,\^^dv{g)\'' =(-)V'^-iif(p)-'^/^(l + o(£"-i)) 
Jm ^ 2 

Similar computations for the denominator lead to (see also jAHMOGj ): 

(Z}$e, ^e)dv{g) = -e^-'l{l + J (^p, a,(^p))£"-i + 0(5"-!)) 

where J = Jjg„ f{x)^'^^dx. Now we choose T/^p G Sp(M) as an eigenspinor for the mass 
endomorphism associated with a positive eigenvalue A and we finally get: 

n-l 

Xmin< J'g^i^e) = K{n)-\maxH) " (1 _ AJ^^-^ + o(£"-i)). 

Now it is clear that for e > sufficiently small, fl2Tl) is true and thus Theorem [5] allows to 
conclude. □ 

Remark 7. In dimension two, a Riemannian surface is always locally conformally flat 
and condition / f5^) is satisfied for all H G C°°{M) however the mass endomorphism 
vanishes (see [AHMOGj ) and so Theorem cannot be applied. 
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5. A REMARK ON MANIFOLDS WITH BOUNDARY 

In this last section, we briefly study the case of manifolds with boundary. Since the 
calculations are quite close to those of the boundaryless case, we only point out arguments 
which need some explanations. 

Indeed, let {M"',g) be an n- dimensional compact Riemannian spin manifold with smooth 
boundary equipped with a chirality operator 7, that is an endomorphism of the spinor 
bundle which satisfles: 

Vx(7^) =7(Vx^), X-7V^ = -7(X-^), 
for all X G T{TM) and for all spinor flelds ip,ip E r(Sg(M)). The orthogonal projection: 

where Ug denotes the inner unit vector flelds normal to dM, deflnes a (local) elliptic 
boundary condition (called the chiral bag boundary condition or [CHI) boundary con- 
dition) for the Dirac operator Dg of {M,g). Moreover, under this boundary condition, 
the spectrum of the Dirac operator consists of entirely isolated real eigenvalues with flnite 
multiplicity. In [Rauj (see also |Rau06a] ). we deflne a spin conformal invariant similar to 
([5]) using this boundary condition. More precisely, if A^(^) stands for the flrst eigenvalue 
of the Dirac operator Dg under the chiral bag boundary condition then the chiral bag 
invariant is deflned by: 

A^i„(M,9M) := inf |Af(^)|Vol(M,^)^ 

Wig] 

and one can check that: 

^^^^ \Jm\^9'P^^)M9)\ j 
where the inflmum is taken for all spinor flelds (f G Hf^ such that B^if^QM = 0. On the 
round hemisphere {S'^,gst), we can compute that: 

KUK^dSl) = ^(y)" = 2"(i/")ir(n)-\ (35) 

and using the conformal covariance of fl34l) and the fact that the hemisphere is conformally 
isometric to the half Euclidean space (M" , C,), we conclude that: 

n + 1 



{D^ij,ij)dx <2^K{n)[ / iD^-^l^dx] (36) 

for all ^ G rc(S^(R!^)) where rc(S^(R!^)) denotes the space of smooth spinor flelds over 
(M",^) with compact support. In order to prove a Sobolev-type inequality for manifolds 
with boundary, we give a result similar to Lemma [2] in this context: 

Lemma 13. // the Dirac operator is invertible under the chiral bag boundary condition 
then there exists a constant C > such that: 
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for all if G such that B^(p\gyi = 0. 

Proof: Since the Dirac operator is assumed to be invertible and since the Fredholm prop- 
erty of Dg does not depend on the choice of the Sobolev spaces (see |Sch95] ). we have 
that: 

Dg ■■ := G / Bfviau = 0} ^ L'^^ 

defines a continuous bijection. Using the open mapping theorem, the inverse map is also 
continuous and then we get the existence of a constant C > such that: 

for all (f G Tijf . On the other hand, the Sobolev embedding Theorem implies that the 
map Hf'^ ^ L^^ is continuous, so there exists a constant C > such that: 

for all if G Hf'^ and this concludes the proof. □ 



Remark 8. LemmalT^ gives a result similar to Lott's one (see |Lot86] ) for the Dirac op- 
erator on manifolds with boundary, that is if Dg is invertible under the chiral bag boundary 
condition, then: 

X^UM,dM)>0. (37) 
Indeed, the Holder ineguality gives: 



{Dg^,^)dv{g) 



M 



< \\^\ 



\PD 



and then Lemma\^ yields: 



12 

I go 



lM{Dg^,(p)dv{g) 



> 



\\Dv\\ 



go 



> c, 



PD 



for all ip G TC^ . Using the variational characterization [34\ ) of \min{M,dM) leads to the 
result. In |Rau06bj . we give an explicit lower bound for the chiral bag invariant given by: 

Ti 

\^^{M,dMf > 



-/i[,](M,aM). 



(3^ 



4(n - 

The number fi[g]{M,dM) is a conformal invariant of the manifold introduced by Escobar 
in |Esc92j to study the Yamabe problem on manifolds with boundary and defined by: 

Im (4^|V«P + Rgu')dv{g) + 2{n - 1) /,^, hgu'ds{g) 



fi[g]{M,dM) 



inf 

nGCi(M),u^O 



J,,u^ds{g) 



This invariant is called the Yamabe invariant of {M^,g). Here kg denotes the mean 
curvature of the boundary of{dM,g) in {M,g). Inequality is significant only if the 
Yamabe invariant is positive and in this case, the Dirac operator under the chiral bag 
boundary condition is invertible. So Inequality [3l\ ) is more general than however it 
does not give an explicit lower bound. 



A SOBOLEV-LIKE INEQUALITY FOR THE DIRAC OPERATOR 



25 



We can now argue like in the proof of Theorem [3] and state a Sobolev-hke inequahty on 
manifolds with boundary: 

Theorem 14. Let (M", g, a) be an n- dimensional compact spin manifold with a non 
empty smooth boundary and equipped with a chirality operator. Moreover, we assume that 
the Dirac operator under the chiral bag boundary condition is invertible. Then for all 
e > 0, there exists a constant such that: 

JjD,^,^)dvig)\ < (2^/'^K{n)+e)(^jjD,^\'i-dv{g)y''"+B,(^jj^^^ 
for all if G Hl'^ such that B^ip\QM = 0. 
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